Given two graphs G and H, the k-colored Gallai-Ramsey number gr k (G : H) is defined to be the minimum integer n such that every k-coloring of the complete graph on n vertices contains either a rainbow copy of G or a monochromatic copy of H. In this paper, we consider gr k (K 3 : H) where H is a connected graph with five vertices and at most six edges. There are in total thirteen graphs in this graph class, and the Gallai-Ramsey numbers for some of them have been studied step by step in several papers. We determine all the GallaiRamsey numbers for the remaining graphs, and we also obtain some related results for a class of unicyclic graphs.
Introduction
In this paper, we only consider edge-colorings of finite simple graphs. For an integer k ≥ 1, let c : E(G) → [k] be a k-edge-coloring (or simply, a k-coloring) of a graph G, where [k] := {1, 2, . . . , k}. Note that c is not necessarily a proper edge-coloring. A coloring of a graph is called monochromatic if all edges are colored the same, and a coloring is called rainbow if all edges are colored differently. A graph G is called rainbow triangle-free if every triangle in G contains at most two colors. A Gallai-k-coloring is a rainbow triangle-free coloring of a complete graph using at most k colors. In 1967, Gallai [9] provided the following important structural result in his original paper, which was translated into English and endowed by comments in [14] . Theorem 1.1. ( [9, 14] ) In any rainbow triangle-free coloring of a complete graph, there exists a partition V 1 , V 2 , . . . , V m (m ≥ 2) of the vertices such that between the parts there are in total at most two colors, and between every pair of parts, there is only one color on the edges.
The partition provided in Theorem 1.1 is called a Gallai-partition. Given a Gallaicoloring of a complete graph and a Gallai-partition V 1 , V 2 , . . . , V m , the subgraph induced by {v 1 , v 2 , . . . , v m } is called the reduced graph of that partition, where v i ∈ V i for every i ∈ [m].
Given a graph G, the Ramsey number r k (G) is the minimum integer n such that every k-coloring of K n contains a monochromatic copy of G. Given two graphs G and H, the kcolored Gallai-Ramsey number gr k (G : H) is defined to be the minimum integer n such that every k-coloring of the complete graph on n vertices contains either a rainbow copy of G or a monochromatic copy of H. It is clear that gr k (G : H) ≤ r k (H) for any two graphs G and H.
Note that finding the exact values of gr k (G : H) is far from trivial, even for some graphs H with small number of vertices and edges. The Gallai-Ramsey numbers gr k (K 3 : H) for all the graphs H with four vertices have been found in several previous papers. However, this number for some graphs with five vertices have not been determined, and finding the exact values for these graphs is a fundamental work in this research area. In this paper, we mainly focus on gr k (K 3 : H) where H is a connected graph with five vertices and at most six edges. There are thirteen graphs in this graph class (see Fig. 1 .1), and the Gallai-Ramsey numbers for F 1 , F 2 , . . . , F 8 have been studied step by step in several papers [4, 5, 10, 15, 17, 18] . We determine the Gallai-Ramsey numbers for all the remaining graphs. For more information on this topic, we refer the readers to [2, 3, 6, 11, 12, 16] and two excellent surveys [7, 8] . For graphs F 9 and F 10 , we prove the following result in Section 2.
For graph F 11 , we prove the following result in a more general form in Section 3. In fact, we consider the Ramsey numbers and Gallai-Ramsey numbers for a class of unicyclic graph F 2,n .
For graphs F 12 and F 13 , we prove the following result in Section 4. 
Furthermore, we define some notation and terminology. Let c(uv) denote the color used on the edge uv. For U , V ⊆ V (G) with U ∩ V = ∅, let E(U, V ) denote the set of edges between U and V , and C(U, V ) denote the set of colors used on the edges in E(U, V ). If |C(U, V )| = 1, i.e., all the edges in E(U, V ) have a single color, then we use c(U, V ) to denote this color. In the special case when U = {u}, we simply write E(u, V ), C(u, V ) and c(u, V ) for E({u}, V ), C({u}, V ) and c({u}, V ), respectively. For v ∈ V (G), let G − v denote the graph obtained from G by deleting the vertex v and the edges incident to v. For U ⊆ V (G), let G − U denote the graph obtained from G by deleting all the vertices of U and the edges incident to some vertex of U . Moreover, let G[U ] denote the subgraph of G induced by U , and C(U ) denote the set of colors used on the edges of G[U ]. For any i ∈ C(U ), the subgraph induced by color i means an induced subgraph of G[U ] on the edges using color i.
Proof of Theorem 1.2
We begin with the following simple results which will be used later.
Since F 9 is a subgraph of F 10 , we have gr k (K 3 : F 9 ) ≤ gr k (K 3 : F 10 ) by Proposition 2.1. Thus Theorem 1.2 follows from the following two lemmas immediately.
Proof. If k is even, then let G 2 be a 2-colored K 8 containing no monochromatic F 9 using colors 1 and 2. Suppose that 2i < k and we have constructed a 2i-coloring G 2i of K n 2i containing neither rainbow K 3 nor monochromatic F 9 , where n 2i = 8 · 5 (2i−2)/2 . Let G ′ be a 2-colored K 5 using colors 2i + 1 and 2i + 2 which contains no monochromatic K 3 , i.e., colors 2i + 1 and 2i + 2 induce two monochromatic C 5 . We construct G 2i+2 by substituting five copies of G 2i into vertices of G ′ , i.e., G 2i+2 is a blow-up of G ′ . Finally, we obtain a k-coloring G k of K n containing neither rainbow K 3 nor monochromatic F 9 , where n = 8 · 5 (k−2)/2 . If k is odd, then let G 1 be a monochromatic K 4 using color 1. Suppose that 2i − 1 < k and we have constructed a (2i − 1)-coloring G 2i−1 of K n 2i−1 containing neither rainbow K 3 nor monochromatic F 9 , where n 2i−1 = 4 · 5 (2i−2)/2 . Let G ′′ be a 2-colored K 5 using colors 2i and 2i + 1 which contains no monochromatic K 3 . We construct G 2i+1 by substituting five copies of G 2i−1 into vertices of G ′′ . Finally, we obtain a k-coloring G k of K n containing neither rainbow K 3 nor monochromatic F 9 , where n = 4 · 5 (k−1)/2 .
Proof. We prove the statement by induction on k. The case k = 1 is trivial and the case k = 2 holds by Lemma 2.2, so we may assume k ≥ 3. Suppose G is a Gallai-k-coloring of K n containing no monochromatic F 10 , where
Since r 2 (F 10 ) = 9, we have 2 ≤ m ≤ 8. We choose such a partition with m minimum. Suppose colors 1 and 2 are the two colors used between the parts. We first have the following simple facts since G is monochromatic F 10 -free.
Fact 2.6. For any two non-empty parts V i , V j with c(V i , V j ) = α, we have (1) there is no monochromatic P 4 using color α within V i and V j , respectively;
then there is no vertex with color α to both V i and
We now claim that 4 ≤ m ≤ 8. In fact, if 2 ≤ m ≤ 3, then there exists a bipartition V 1 and
Thus |V 2 | = 1 and |V 1 | = n − 1. By Fact 2.6 (1), color 1 induces a subgraph G (1) such that each component is a K 3 or a star within V 1 . In order to avoid a rainbow K 3 and a monochromatic P 4 in color 1, there is only a single color between each pair of components. By Lemma 2.3, we have
Since |V 1 | cannot be divided by three and a monochromatic K 1,3,3 contains a F 10 , G (1) contains at most n k = gr k−1 (K 3 : K 3 ) − 2 components each of which is a K 3 . For 0 ≤ i ≤ n k , if there are exactly n k − i components each of which is a K 3 , then there are at most i + 1 components each of which is a star to avoid a monochromatic K 2,2,3 . Thus after removing at most 2(n k − i) + i + 1 vertices, there is no edge using color 1 within
Therefore, we may assume 4 ≤ m ≤ 8. Let r be the number of parts with at least three vertices, i.e., |V r | ≥ 3 and |V r+1 | ≤ 2. Since m ≤ 8 and |V (G)| ≥ 21, we have 1 ≤ r ≤ m ≤ 8. We divide the rest of the proof into four cases based on the number r.
Case 1. r = 1. For i = 1, 2, let A i be the union of parts with color i to V 1 . Since m ≥ 4, we have |A 1 | ≥ 1, |A 2 | ≥ 1 and at least one of A 1 and A 2 contains more that one vertices, say
by Fact 2.6 (2), and so
By Fact 2.6 (2), 1 / ∈ C(A 1 ), and thus
Case 2. r = 2.
In this case, we may assume that c(V 1 , V 2 ) = 1. Then by Fact 2.6 (2), for i = 1, 2, 1 / ∈ C(V i ) and thus
then there is a monochromatic K 1,2,2 , contradicting to the Fact 2.6 (3). Hence, |V 3 ∪ · · · ∪ V m | ≤ 10. By Fact 2.6 (3), we also have that there is no vertex with color 1 to both V 1 and V 2 . Thus we can partition
We first suppose |B| = 1 and |C| = 0. Since m ≥ 4, |A| ≥ 1, and thus 2 / ∈ C(V 2 ). Since
By the minimality of m, we have c(A, C) = 2. By Fact 2.6 (1), color 2 induces a subgraph G (2) such that each component is a K 3 or a star within V 1 . In order to avoid a rainbow K 3 and a monochromatic P 4 in color 2, there is only a single color between each pair of components. Since 1 / ∈ C(V 1 ) and by Fact 2.6 (3), G (2) contains at most n ′ k = gr k−2 (K 3 : K 3 ) − 1 components each of which is a K 3 for avoiding a monochromatic K 3,3,3 that contains a F 10 . For 0 ≤ j ≤ n ′ k , if there are exactly n ′ k − j components each of which is a K 3 , then there are at most j components each of which is a star to avoid a monochromatic K 2,3,3 . Thus after removing at most 2(n ′ k − j) + j vertices, there is no edge using color 2 within
Case 4. r ≥ 4. By Fact 2.6 (3), there is no monochromatic K 3 in the subgraph H of the reduced graph induced on the first four parts. Thus H is one of the two 2-coloring of K 4 with no monochromatic
there is a monochromatic K 1,2,3 , a contradiction. Thus m = 5 and |V 5 | ≥ 5. In order two avoid a monochromatic F 10 , G is a blow-up of the unique 2-coloring of K 5 with no monochromatic
3 Ramsey numbers and Gallai-Ramsey numbers for a class of unicyclic graph
For n ≥ 3, let F 2,n denote the graph obtained by adding n − 2 pendent edges to a single vertex of C 4 . The vertex with degree n is called a center of F 2,n . It is easy to see that
In the following, we first give the 2-colored Ramsey number of F 2,n .
Theorem 3.1. For all integers k ≥ 1 and n ≥ 3,
if n is odd.
Proof. Let n ′ = 2n − ε, where ε = 1 if n is even, and ε = 0 otherwise. Since K 1,n is a subgraph of F 2,n and
For the upper bound, suppose G is a 2-coloring of K n ′ containing no monochromatic F 2,n . Since r 2 (F 2,3 ) = 6 (see [13] ), we may assume that n ≥ 4. Then G contains a monochromatic K 1,n , say using vertex set {u,
, there are at most one edge using color 1 in E(w i , {v 1 , v 2 , . . . , v n }) in order to avoid a monochromatic F 2,n . Note that n ≥ 4 and n ′ − n − 1 ≥ 2. If c(w i , {v 1 , v 2 , . . . , v n }) = 2 for some i ∈ [n ′ − n − 1], then it is easy to find a monochromatic F 2,n in color 2, a contradiction. Thus we may consider the following two cases based on C({w 1 , w 2 }, {v 1 , v 2 , . . . , v n }).
Firstly, suppose that c({w 1 , w 2 }, {v 1 , v 2 , . . . , v n−1 }) = 2 and c({w 1 , w 2 }, v n ) = 1. In order to avoid a monochromatic F 2,n in color 2, we have c({w 1 , w 2 }, u) = 1. Then uw 1 v n w 2 u is a C 4 in color 1, which together with {v 1 , v 2 , . . . , v n−2 } forms a monochromatic F 2,n centered at u, a contradiction. Secondly, suppose that c({w 1 , w 2 }, {v 1 , v 2 , . . . , v n−2 }) = c(w 1 v n ) = c(w 2 v n−1 ) = 2 and c(w 1 v n−1 ) = c(w 2 v n ) = 1. Note that we also have c({w 1 , w 2 }, u) = 1 similarly as above. If c(v 1 v n−1 ) = 1, then uw 1 v n−1 v 1 u is a C 4 in color 1, which together with {v 2 , v 3 , . . . , v n−2 , v n } forms a monochromatic F 2,n centered at u, a contradiction. Thus c(v 1 v n−1 ) = 2, and by symmetry c({v 1 , v 2 , . . . , v n−2 }, {v n−1 , v n }) = 2. If n = 4, then there is a F 2,4 in color 2 centered at v 1 . If n ≥ 5, then n ′ − n − 1 ≥ 4 and we may assume c(w 3 v n−1 ) = 2 without loss of generality. Then v n−1 v 1 v n v 2 v n−1 is a C 4 in color 2, which together with {v 3 , v 4 , . . . , v n−2 , w 2 , w 3 } forms a monochromatic F 2,n centered at v n−1 , a contradiction. (1) For all integers k ≥ 1 and n ∈ {3, 4},
For all integers k ≥ 3 and n ≥ 6,
Proof. We first prove the lower bounds by constructing some appropriate Gallai-k-colorings of complete graphs without monochromatic F 2,n . For n ∈ {3, 4}, let G 2 be a 2-coloring of complete graph on r 2 (F 2,n ) − 1 vertices using colors 1 and 2 without monochromatic F 2,n . Let G ′ be the unique 2-coloring of K 5 using colors 2 and 3 with no monochromatic K 3 . For n ≥ 5 and n even, let G 3 be the 3-coloring obtained by substituting K n/2 (using only color 1) into one vertex of G ′ and K n/2−1 (using only color 1) into the other four vertices of G ′ . For n ≥ 5 and n odd, let G 3 be the 3-coloring obtained by substituting K (n−1)/2 (using only color 1) into five vertex of G ′ . Suppose i < k and we have constructed G i containing no rainbow K 3 and no monochromatic F 2,n . We construct G i+1 by adding a new vertex to G i such that all the new edges are colored by color i + 1. Finally, we obtain a k-coloring G k containing no rainbow K 3 and no monochromatic F 2,n . For n ∈ {3, 4}, |V (G k )| = r 2 (F 2,n ) + k − 3. For n ≥ 6, we have
For n = 5, we construct G k+1 by adding a new vertex to G k such that all the new edges are colored by color 1. Then G k+1 contains no rainbow K 3 and no monochromatic F 2,5 , and
For the upper bound, let
We will prove that every Gallai-k-coloring of K n ′ k contains a monochromatic F 2,n for all integers k ≥ 1 and n ≥ 3. The case k = 1 is trivial and the case k = 2 holds by Theorem 3.1, so we may assume k ≥ 3 in the following. For a contradiction, suppose G is a k-coloring of K n ′ containing no rainbow K 3 and no monochromatic F 2,n . We choose such a G with k minimal. Let V 1 , V 2 , . . . , V m be a Gallai-partition with |V 1 | ≥ |V 2 | ≥ · · · ≥ |V m | and 2 ≤ m ≤ r 2 (F 2,n )−1. Suppose colors 1 and 2 are the two colors used between the parts.
We first suppose that m ≥ 4. In this case, we have |V (G) \ V 1 | ≥ 3. In order to avoid a monochromatic F 2,n and since k ≥ 3, we have 2 ≤ |V 1 | ≤ n−1. For i = 1, 2, let A i be the union of parts with color i to V 1 . If n / ∈ {4, 5}, then max{|A 1 |, |A 2 |} ≥ ⌈
⌉ ≥ n, which implies that there is a monochromatic F 2,n , a contradiction. If n = 5, we must have |V 1 | = |A 1 | = |A 2 | = 4 and k = 3 by a similar argument. For any edge uv ∈ E(A 1 , A 2 ), we have c(uv) ∈ {1, 2}, resulting in a monochromatic F 2,5 , a contradiction. If n = 4, we have 2 ≤ |V 1 | ≤ 3 and 3 ≥ max{|A 1 |, |A 2 |} ≥ ⌈ k+5−3 2 ⌉ ≥ 3, say |A 1 | = 3. If |V 1 | = 2, then |A 2 | = 3 and k = 3. Let A 1 = {u 1 , u 2 , u 3 } and A 2 = {v 1 , v 2 , v 3 }. In order to avoid a monochromatic F 2,4 , there are at most one edge using color 1 between u i and A 2 for each i ∈ [3] . Thus there are at most three edges using color 1 between A 1 and A 2 . Then there are at least six edges using color 2 between A 1 and A 2 , and in particular, there exist a vertex v i ∈ A 2 such that there are at least two edges using color 2 between v i and A 1 , resulting in a monochromatic F 2,4 , a contradiction. If |V 1 | = 3, then 2 ≤ |A 2 | ≤ 3. For avoiding a monochromatic F 2,4 in color 1, 1 / ∈ C(A 1 , A 2 ), i.e., c(A 1 , A 2 ) = 2, resulting in a monochromatic F 2,4 in color 2, a contradiction.
Therefore, we have 2 ≤ m ≤ 3. In this case, there exists a bipartition
For avoiding a monochromatic F 2,n , there are at most n − 1 vertices in V 1 \ {v 1 , v 2 } with a single color to
} with a single color to {v 1 , v 2 }, i.e., there is a monochromatic F 2,n , a contradiction. If n = 3, then there exist four vertices
Then there is a monochromatic F 2,3 in color i or j, a contradiction.
If n = 4, then we may consider the following two cases. First, there exist five vertices
In order to avoid a monochromatic F 2,4 in color j, there are at least two edges using color i between u 4 (resp., u 5 ) and {u 1 , u 2 , u 3 }. Thus there exists a vertex, say u 1 , such that c(u 1 , {u 4 , u 5 }) = i, resulting in a monochromatic F 2,4 , a contradiction. Second, there exist six
Without loss of generality,we may assume that c(u 1 u 3 ) = i. Then c(u 1 u 4 ) = j and c(u 1 , {u 5 , u 6 }) = l. Since c(u 4 u 5 ) ∈ {j, l}, there is a monochromatic F 2,4 in color j or l, a contradiction. If n = 5, then by the pigeonhole principle, we may consider the following two cases. First, there exist nine vertices u 1 , u 2 , . . . , u 9 ∈ V 1 \ {v 1 , v 2 } such that c({v 1 , v 2 }, {u 1 , u 2 , u 3 , u 4 }) = i, c({v 1 , v 2 }, {u 5 , u 6 , u 7 }) = j and c({v 1 , v 2 }, {u 8 , u 9 }) = l, where 2 ≤ i < j < l ≤ k. In order to avoid a monochromatic F 2,5 in color j (resp., l), there are at most two edges using color j (resp., l) between each u ∈ {u 5 , u 6 , u 7 } (resp., {u 8 , u 9 }) and {u 1 , u 2 , u 3 , u 4 }. Thus, there are at least ten edges using color i between {u 1 , u 2 , u 3 , u 4 } and {u 5 , u 6 , . . . , u 9 }, and in particular, there exist a vertex u ∈ {u 1 , u 2 , u 3 , u 4 } such that there are at least three edges using color i between u and {u 5 , u 6 , . . . , u 9 }, resulting in a monochromatic F 2,5 , a contradiction. Second, there exist eight vertices u 1 , u 2 , . . . , u 8 5 , u 6 }) = s and c({v 1 , v 2 }, {u 7 , u 8 }) = t, where 2 ≤ i < j < s < t ≤ k. Since there are at most two edges using color i in E (u 1 , {u 3 , u 4 , . . . , u 8 }), we may assume that c(u 1 , {u 7 , u 8 }) = t without loss of generality. Then there is at most one edge using color t in E(u 7 , {u 3 , u 4 , u 5 , u 6 }), we may assume that c(u 7 , {u 5 , u 6 }) = s. For avoiding a rainbow K 3 , we have c(u 1 , {u 5 , u 6 }) = s. For avoiding a monochromatic F 2,5 in color s, we have c(u 8 , {u 5 , u 6 }) = t, resulting in a monochromatic F 2,5 in color t with center u 8 , a contradiction.
Proof of Theorem 1.4
We begin with the following Ramsey numbers which will be used in the proofs. 
Proof. If k is even, then let G 2 be a 2-colored K 9 containing no monochromatic H using colors 1 and 2. Suppose that 2i < k and we have constructed a 2i-coloring G 2i of K n 2i containing neither rainbow K 3 nor monochromatic H, where n 2i = 9 · 5 (2i−2)/2 . Let G ′ be a 2-colored K 5 using colors 2i + 1 and 2i + 2 which contains no monochromatic K 3 , i.e., colors 2i + 1 and 2i + 2 induce two monochromatic C 5 . We construct G 2i+2 by substituting five copies of G 2i into vertices of G ′ , i.e., G 2i+2 is a blow-up of G ′ . Finally, we obtain a k-coloring G k of K n containing neither rainbow K 3 nor monochromatic H, where n = 9 · 5 (k−2)/2 . If k is odd, then let G 1 be a monochromatic K 4 using color 1. Suppose that 2i − 1 < k and we have constructed a (2i − 1)-coloring G 2i−1 of K n 2i−1 containing neither rainbow K 3 nor monochromatic H, where n 2i−1 = 4 · 5 (2i−2)/2 . Let G ′′ be a 2-colored K 5 using colors 2i and 2i + 1 which contains no monochromatic K 3 . We construct G 2i+1 by substituting five copies of G 2i−1 into vertices of G ′′ . Finally, we obtain a k-coloring G k of K n containing neither rainbow K 3 nor monochromatic H, where n = 4 · 5 (k−1)/2 .
Lemma 4.3. For any integer
Proof. We prove the statement by induction on k. The case k = 1 is trivial and the case k = 2 holds by Lemma 4.1, so we may assume k ≥ 3. Suppose G is a Gallai-k-coloring of K n containing no monochromatic H, where
We choose such a partition with m minimum. Suppose colors 1 and 2 are the two colors used between the parts. We first have the following simple facts since G is monochromatic H-free. (1) there is no monochromatic P 4 using color α within V i and V j , respectively; (2) if |V i | ≥ 3 and |V j | ≥ 3, then α / ∈ C(V i ) and α / ∈ C(V i ), respectively; (3) if |V i | ≥ 3 and |V j | ≥ 2, then there is no monochromatic P 3 using color α within V i ; (4) if |V i | ≥ 4, then there is no monochromatic K 3 using color α within V i ; (5) if |V i | ≥ 2 and |V j | ≥ 2, then there is no vertex with color α to both V i and 
and |V j | = 1 for j ∈ {5, 6, . . . , 9}. Note that there is a monochromatic K 3 in subgraph of the reduced graph induced on V 1 , V 2 , . . . , V 6 , i.e., there is a monochromatic K 1,3,3 or K 1,1,3 in G. If the former holds, then we are done. If the latter holds, then there is a monochromatic F 12 using six edges of the K 1,3,3 , and a monochromatic F 13 using five edges of the K 1,3,3 and one edge between the first four parts, a contradiction.
Case 2. r = 3.
In order to avoid a monochromatic K 3,3,3 , we may assume that c( If H = F 12 , then there is no monochromatic P 3 using color 1 (resp., color 2) within V 1 by Fact 4.5 (1). Thus there is no rainbow P 3 using colors 1 and 2, since otherwise there is a monochromatic P 3 using color 1 or 2 since G is rainbow K 3 -free. Hence, colors 1 and 2 induce a matching within V 1 . Then we can remove at most ⌊ |V 1 | 2 ⌋ vertices such that there is no color 1 and no color 2 within V 1 . By inductive assumption, 
